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Finish Bloch theorem
.

Stone - von - Neumann theorem
.

Other Heisenberg extensions
.
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Clean -

up
from last lime :

@
Two

separate theorems :

. Lie 's theorem
. Canton 's classification

@Finite - dimensional comply
imeps of an Abelian group are

One - dimensional
. ( Schur 's Lemma

. )
=

.

@ Lies Theorem :

Every fin
.

dime Lie algebra / th arises

tom
a unique connected

, simply connected

Lie
group ly = IG

.

@ Structure of compact Lie
groups .

Reduce the problem to simple Lie
groups .



Recall a group G is
"

simple
"

if it has Fro nontrivial normal

subgroups .
.

A Lie algeb= is simple if there

are no nontrivial ideals
.

A Lie
groups

is simple if it has

a simple Lie algebra .

* Al¥ It is connected nonabehda
,

has no connected normal

Lie subgroups.

=
x -

A simple Lie
group might not

be a simple group
! !

Example

SUCH
)

Zlsocn) )={wi1|w=e⇐% }
¥21

n .



Z is always a normal subgroup.

Lie algebra of SUK ) = sun )

= { nxn I hncedess
l antihermiaaa }

.

simple Lie algebra.

#
Trreps of Abelian

groups

G = SO (2) pi is irreducible

#
' - did subspace

if we're
working with real vector

spaces -

Pi is irreducible
.

Rl¥Q
then it's One - dimensional

.



Schifrin 's

G @, ,p , ) (Vz
,

a )

a linear tmn

TV
, TY

"

is an

"

intertwine ,

"

or eqvivmiant
map

"

Tpdg ) = peg

)=Nz

qqf OVJ fag )

V
, Ik



If ( V
, ,e ,

) and (K
, a ) are

irreducible reps .

if T :@
, p , ) → th, a )

is
equinwiaut then either

✓
a.) T=o

✓ b. ) T is an isomorphism so

( V
, ,p

, ) = ( k
, pz )

T.no#:terT=sneV
,

) Tcu )=o }
int ={ hekl YIY.de }

Observe that Kert
,

int
are

invariant sub
spaces .

e.g. Kert Tcv ) =o

T@g)v) =

pdgstcv ) =o
.



Because ( p , ,V, ) (pz Yz ) are imeps

Kert = { o } or V
,

int = { o } or K Td

wonks over any
field

.

Lemony If T :(Yp ) - KYC)
is an intention er and Visa

complex vector space .

Then

T = A . TL
.

for some scalar

he Cl
.

PI a.) Any linear
op .

on a

f.d.com#lexveetwspace has at

least one eigenvector .det
( × - T ) polynomial inx

must have a

root in £
.

det&- T ) = o
.



b.) Tv = tv

Eigen space E- { www..tw }
T intertwines then this eigenspae
is an invariant subspace .

( V
, q ) imed ⇒ F- = o or

E = V

E =/ O . so E = V

Tw = tw H we V

i
Complex

,
fin

.

dink imeps of
Abelian groups .

T=p(go ) this is an intertwine :

Tpg ) = pig ) 'T ttgec .

because G is Abelian
.



I pg . ) = 1cg. ) :"

i. )if it is irreducible must be

ix
T Block 's Theorem :

%
Rd Schmid

. op .

H= -02
# ,

TT×+r)=v⇐
£

ti

→ H commutes with pj )=d*P=-#.

'

. Eigenspaces of H are reps
of

:
naps of P are 1- diml

.

labeled by P.D.lt ) ={ Qiargetaf#±a%vsE



XEN ) =
e2ti#r )

Keal projects to TRY ,nv
K

'

= ktg get
✓

wavefmctious in this ldrep '

.

rkxtr ) - X ,=H ) Ycx ) to

µ@⇒
4 qp .

cannot be in E
.

± Ll ,=={ ycx ) ) 4K+r ) = Xe 's ) 4*1:ItDE¥I¥¥
"tan

's . }

Is a Hilbert
space depends

smoothly on E



t0¥
Brillon tons ROYPV

H acts on

the
- r ) = XEN )4cx )

do±ke
Rd projects to E k '±g

Xcx ) = eikxucx )
= -

periodic
yhonest function

H*=Eihixteikx
0h T = Riqp

= He ,
-

. UUUH
, .U

' '



== E='

gen -

{ Enck ) } = spectrum of

H*not

only depends out

and varies smoothly .

= x -

Free Electrons in pi in the
presence

of a uniform
magnetic

field B

H=atn*eE)2+
.

:*
"

choose a gauge for A→ so that



H = £m#eE±T+@.eBay ]
A

,
=

- EB Az = EIB

Fz = Qaz - 2zA
,

= B
.

Even though B is uniform
, , ordinary

translation does not commute

with the Hamiltonian
.

We can define translation .
like

operators

.¥p±eE×5tz=§z+eBT÷×ft =p ,+eBzI ftp. -

EBZI

fti, PT ] .

.

o

H=In(pT+pT ) commutes with it
;



Ii : magnetic
translation operators .

Hai,
H ] = o

⇐,,Tz] = -
- ihets

"
non commuting

translation operators
"

(F) Q HE →
"

non commutative

geometry
" '

t#÷
ai ) =

exp ( i a ,# , 1£ ) ←Va ) = exp ( iaztyh ) :/
Ua , )V@ , ) =

e×pi(eB÷z)Ya. ) Ua, )



exp (iets÷aD=e×p(atitE)
I = Ba

, as = magnetic flux

through unit cell

To = Ye
"

magnetic fhexquoutm
"

÷=
,

irrational : irrational rotation

algebra

agebraaf functions
on a non commutable

tones "



Stone - von Neumann
- Mackeytheme

s - ( loc
. apt . ) Abelian

group
£ = Ponbyagin dual { X:S → e }

.

Characters

Hull ) → Heilsxs) → Sx £ → 1

k( §, ,x , )
,

f., K ) ) = ×⇐x,(
Sz )

TI guarantees F royale .

f ( -
- .

. ) = ¥
z )

Natural representation of this

Heisenberg group .

TE EH )



14 ,ket$ ) < 4.4 .
)

S=R
"

f*4,Yn4zad"x

s=z "

[ 4,814dm
Jean

f- UH ) ztfohtdeios)%ei9do

similarly for a ,
"

s=zn ÷5slY%iskiwii
-

Let's represent Heiscfxs )

I → UH - itleiscsxs )→sxJ→|
e-

=

Try to
represent the direct product

sxt
.



Ll = LYS ) 4 :S → €

so£$ ( Ts
.

.4) ( s ) = 44+8 ) *

X££ ( they) cs ) = XHY 's ) *

|TsoM×=XA)MxT=←
D=

group of operators generated
by to

,
Mx

,
UH

( Z ; HX ) ) - ZTSMX
~~

Heislsxs) = O
.

QM
.

V=R
" a

QFT V= Space of functions
on spatial slice

.



VW →R

Fed ) = @
it .v

UµVck ) =
eiks He , Ucs ,

.

S - VN - Mackey-

Up to isomorphism F ! imed
.

unitary rep of Heists )
where U 11 ) acts by

scalar molt
.

p (g) - 9 . 1)

Main idea of the proof :

men

Look at a maximal Abelian

subgroup.

n
-  r  -  r .  -

$

lacks Heislsxf )* Sxf→1
nm



Two obvious choices : Sequence splits
over Sx { Is and { Is }x£

Consider { Is }x£

{ ( 1
,

( o
,

x ) ) } Prenimage

T lteisfxs )fill
swnfthwmttegpiat.us
additively

united
Suppose (p ,V ) is an irnep .

Mx = p ( Ci , Co ,x ) )
MX

, Mx
,

= Mx
.

Mx
,

So we can iimultaneoosly
diagonelize them

.



F ON basis % for T

NIH"kx%=InYYx⇒axkxik=

X→Xa× is a character on £
:

.

it is of the form X→X⇐ )
for some see $ ( Pont

. duality )
So we have Yg basis SXES

MX4 .
= Xcs . ) .4

. tam

For s.es
'

define

I .= Pkk.,iD )
Now choose some to #

,
Sx

.



Mxik
.

= XC%) 4%

Mx(Ts4%)=X(sass )HkD
Varying s gives us a copy

at exactly the
rep.

we defined
above

. If Mp) is imed
.

{ Tsuk } span the whole

Space
.

A simple Proof of irreducibility for

Heists"xR
"

) :

v= ( x ,p)elI×R "

take a

Section
) = exp ( iKf+p§) )



For 14,42€ LEEN )
define the Viigner fraction on

Ripa
4,42 ) ( v ) :-< saw

, ,4 . >

function on ✓ determined by X, ,k .

Using BCH :

( say
,)q)=ei¥ei9kq+p )

W( 4,4
)m=§gi%ly*q+RHd£a

'

d
"q

HWH,,Q)tP=f|wµ#)mPdT
= 1141121142112



MH,,k)1P= 114,112%112

Suppose there was an inut

PITS
obspace Llo c Ll - [ ( # )

Dixon.name,
Yt I Ll

.
it

.

< 4,4 . > to tuck
.

WCY
,4+)H=

< say , 41 )
a -

Ho ngfoorij
any

= O .



:WCY ,4+7112=0--114113*4+112

flofo Fyefl . 114kt
⇒ 114<112--0 ⇒←

.

so no soak 41 so Leis
irreducible !

.


